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; 1 Introduction 



Motivated by a work due to Popa[I7j, different authors[Il [TJ [HI [H] have tried 
to prove fixed point theorems using an implicit relation, which is a good idea 
since it covers several contractive conditions rather than one contractive con- 
dition in an ordinary metric space. In fact, it is seen that commuting implies 
weakly commuting which also implies compatible and there are examples in 
the literature verifying that the inclusions are proper, see [7]. In the paper [8], 
Jungck defined the weakly compatible maps and established that two maps 
are weakly compatible if they commute at their coincidence points. Using 
the concept of weakly compatible maps, implicit relation, property(E.A.), the 
authors [11] established the unique common fixed point for three self mappings 
under strict contractive conditions |12j in an ordinary metric space. Also the 
authors [11] proved that such type fixed point problem is well posed. The au- 
thor, A. Aliouche[T], also established the unique common fixed point for four 
self mappings using the concept of weakly compatible maps, implicit relation, 
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property(E.A.) and strict contractive condition in an ordinary metric space, 
but he didn't establish the well-posedness of such type common fixed point. 
So far our knowledge, a little bit of such type results have been developed in 
fuzzy metric space, a lot of common fixed point theorems for three and four 
self mappings and their well-posedness yet remain to develop in fuzzy metric 
space. 

Fuzzy set theory was first introduce by Zadeh[TU] in 1965 to describe the sit- 
uation in which data are imprecise or vague or uncertain. It has a wide range 
of application in the field of population dynamics , chaos control , computer 
programming , medicine , etc. 

The concept of fuzzy metric was first introduced by Kramosil and Michalek[13j 
and later on it is modified and a few concepts of mathematical analysis have 
been developed by George and Veeramani[2], |3] and also they have developed 
the fixed point theorem in fuzzy metric space [H]. In fuzzy metric space, the 
notion of compatible maps under the name of asymptotically commuting maps 
was introduced in the paper [15] and then in the paper [5], the notion of weak 
compatibility has been studied in fuzzy metric space. However , the study of 
common fixed points of non-compatible maps is of great interest, which has 
been initiated by Pant. With the help of the property (E.A.), which was in- 
troduced in the paper [12], Pant and Pant [18] studied the common fixed points 
of a pair of non-compatible maps in fuzzy metric space. 

None has studied the well-posedness of common fixed points in fuzzy metric 
space. In this paper, our target is to develop the well-posedness of common 
fixed points in fuzzy metric space. Also using weakly compatibility, implicit 
relation, property(E.A.) and strict contractive conditions, we have established 
the unique common fixed point for three self mappings and also for four self 
mappings in fuzzy metric space. 

2 Preliminaries 

We quote some definitions and statements of a few theorems which will be 
needed in the sequel. 

Definition 2.1 A binary operation * : [0,l]x[0,l] — > [0,1] 
is continuous t - norm if * satisfies the following conditions : 
( z ) * is commutative and associative , 
(ii) * is continuous , 
(Hi) a * 1 = a Va£[0,l], 

(iv) a * b < c * d whenever a < c , b < d and a , b , c , d e [0, 1]. 

Result 2.2 (a) For any ri , r2 G (0,1) with ri > r2, there 
exist r-s G (0,1) such that ri * r^ > r2 , 
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(b) For any G (0,1), there exist rg G (0,1) such that 

re * ra > r^. 

Definition 2.3 The 3-tuple {X , fi , *) is called a fuzzy metric space 
if X is an arbitrary set, * is a continuous t-norm and fi is a fuzzy set in 
X"^ X (0, oo) satisfying the following conditions : 

(i) ij{x , y , t) > 0; 

(ii) II {x , y , t) = 1 if and only if x = y 
(m) nix , y , t) = fi{y , X , t); 

(iv) n{x , y , s) * ij{y , z , t) < iJ,{x , z , s + t ) ; 
( V ) ( X , y , ■ ) : (0 , cxD ) — > (0 , 1] is continuous for all x ,y , z G X and 
t, s > 0. 

Definition 2.4 fTSf Let {X , jj, , *) be a fuzzy metric space. A sequence 
{xn}n in X is called Cauchy sequence if and only if 

^lirri^ fj, {xn , Xn+p , t) = 1 for each t > and p = 1 , 2 , 3 , • • • 
A sequence {xn}n in X is said to converge to x E X if and only if 
lim u ( Xn , X , t) = 1 for each t > 

n — > oo 

A fuzzy metric space {X , fi , *) is said to be complete if and only if every 
Cauchy sequence in X is convergent in X . 

Definition 2.5 fT5f Let A and B be maps from an fuzzy metric space 
{X , fi , *) into itself. The maps A and B are said to be compatible ( or 
asymptotically commuting ), if for all t > , 

lim u ( A Bxn , B Axn , t ) = 1 

n — >■ CO 

whenever |a;„| is a sequence in X such that lim Axn = lim Bxn = z 

n— >oo n— >oo 

for some z E X. 

Definition 2.6 |^ Let A and B be maps from a fuzzy metric space {X , fi , 
* ) into itself. The maps are said to be weakly compatible if they commute at 
their coincidence points, that is, Az = Bz implies that ABz = BAz. 
Note that compatible mappings are weakly compatible but converse is not true 
in general. 

Definition 2.7 JJE/ Let A and B be two self-maps of a fuzzy metric space 
{X , fi , *) . We say that A and B satisfy the property ( E.A. ) if there exists 
a sequence {xn} such that 

lim Axn = lim Bxn = z 

n ^ oo n — > oo 

for some z E X . Note that weakly compatible and property ( E.A. ) are inde- 
pendent to each other ( See\9\, Ex.2.2 ) 
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Definition 2.8 fWf The mapping A , B , S , T : — )■ X of a fuzzy met- 
ric space {X , fi , *) satisfy a common property (E.A.) if there exist two 
sequences {xn} and {?/„} such that 



lim Axn = lim Sxn = lim = lim Tvn = z 

n— >-oo n oo n— >oo n. — >oo 

for some z & X. If B = A and T = S, are obtain definition (2.7) 

Definition 2.9 fTS^ Let {X , fx, *) be a fuzzy metric space. A subset 
P of X is said to be closed if for any sequence {xn} in P converges to 
X E P, that is 

lim ii{xn , X , t) = 1 =^ X E P V t > 



rt — )■ oo 



3 Implicit Relations 

Definition 3.1 Let / = [0, 1] and F : I be continuous function. 
We define the following property: 

( Fi ) : F ( m( t ) , 1 , 1 , m( t ) , m( t ) , 1 ) > 1 V t > 0,0 < u{t) < 1 

(Fa) : F{u{t) ,1, u{t) ,1,1, u{t)) > 1 Vt > 0, < «(t) < 1 
(Fg) : F {u{t) , u{t) , 1 , 1 , u{t) , u{t)) > 1 Vt > 0,0 < u{t) < 1 

Example 3.2 Let F{t,,---,te) : where k G (0,1) 

(Fi) : F{u{t),l,l,u{t),u{t),l) 

u{t) + 1 + 1 



k max {u{ t), u{t), 1} 
(F2) : F{u{t),l,u{t),l,l,u{t)) 
u(t) + 1 + u(t 



> 1 Vt > 0, < u(t) < 1 



k max{ 1, 1, u{t)} 
(F3) : F{uit),u{t), 1, l,uit),uit)) 
_ u{t) + u{t) + 1 
k max {1, u{t), u{t)} 



> 1 \ft > 0, < u(t) < 1 



> 1 yt > 0, < u(t) <1 



Definition 3.3 Let I = [0,1] and F : I be continuous function. 

We define the following property : 

( F4 ) There exists k G (0,1) such that < u{t) , v{t) , w{t) < 1 , 
F {u{t) , v{t) , 1 , w{t) , u{t) , v{t)) < 1 > 0, 

^ uit) > Iwit) 
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Example 3.4 Let F {ti , ■ ■ ■ , te) 

where k e (0,1) 

F {u{t) , v{t) , 1 , w{t) , u{t) , v{t)) < 1 yt>0, 

=^ max {v{ t) , 1 , u{t) , v{t)} — ku{t) + w{t) < 1 
=^ 1 - ku{t) + w{t) < 1 

=^ U{t) > y W{t) 

k 

Example 3.5 Let F {ti , ■ ■ ■ , te) : ti + + ^3 + | ^4 - 2^5 - te 
where k e (0,1) 

F {u{t) , v{t) , 1 , w{t) , u{t) , v{t)) < 1 > 0, 

=^ u{t) + v{t) + 1 + ^w(i) - 2u{t) - v{t) < 1 
=^ u{t) > ]-w{t) 

4 Common Fixed Point 

Theorem 4.1 Let A, B and I be three self mappings of a fuzzy metric 
space {X , ji , *) such that: 

( i ) The pair {A,I} and {B , 1} are weakly compatible, 

(ii) The mapping A, B and I satisfy the property ( E.A. ), 

(Hi) F {fi{Ax , By , t) , ii{Ix , ly , t) , fi{Ix , Ax , t) , n{Iy , By , t), 
IJ>{Ix , By , t) , n{Iy , Ax , t)) < 1 y X ^ y inX, 
Where F satisfixis property ( -Fi ) , ( -F2 ) o-nd {F^), 
{iv) I{x) is closed, 

Then the mappings A , B and I have a unique common fixed point. 

Proof. Since the set of mappings {A, B , /} satisfies the property ( E.A ), 
there exists a sequence { x„} such that 

hm Axn — hm Bxn — hm /x„ = u (1) 

n— >oo n— >oo n-loo 

for some u & X. 

Since I{X) is closed there exists a point a ^ X such that u — la. li the 
sequence { x „ } satisfies 

Xn — a y n > Ho 
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for some positive integer no , then from ( 1 ) , we have 

u = Aa = la = Ba 

So , we may suppose that a; „ 7^ a for all integer n , (otherwise , we consider 
a subsequence satisfying this property). By putting x — Xn and y — a m. 
( in ) we obtain: 

F{ ji{ Axn , Ba,t) , Ixn , Ia,t) , iJ,{ Ixn , Axn , t) , iJ,{Ia, Ba,t) , 

n{lxn , Ba , t) , iJ,{Ia , Axn , t)) < 1 V t > 0. 
Letting n ^ 00 , we obtain : 

F{fi{Ia,Ba,t),l,l,fi{Ia,Ba,t),iJ,{Ia,Ba,t),l,) < 1 

which, by virtue of (Fi) , implies that 

H{la, Ba,t) ^ I Mt > Q. 

^ la = Ba 

Since a; „ 7^ a for all integers n and putting x = a , y = Xn va. {in) , then 
we get 

F{ii{Aa, Bxn, t) , fj,{Ia, Ixn, t) , iJ,{Ia , Aa , t) , At(/a;„, Bx^, t) , 

l^{Ia, Bxn,t) , ii{lxn, Aa,t)) < 1 

Letting n — > 00 , we obtain : 

F{n{ Aa, la, t), 1, n{Ia, Aa,t), 1,1, iJ,{Ia, Aa,t)) < 1 V t > 0. 

which, by virtue of ( -^2 ) , implies that //( Aa , la , t) — 1 Vt>0 
Hence Aa — la. Therefore , we obtain 

Aa = la = Ba 

we set , a; = Aa — la = Ba . 
we shall prove that x is a common fixed point of the mappings A , B and /. 
Since the pairs {A,I} and {B , 1} are weakly compatible , then we have 

Ala — lAa and Bla — IBa 

Therefore , 

Ila = lAa = Ala ^ AAa 
i.e, Ila = AAa ^ Ix = Ax ■■■ (2) 
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and 

I la = IBa = Bla = BBa = Ix = Bx ■■■ ( 3 ) 

If X = a , then we have x = Ax = Ix — Bx . Therefore x is a common 
fixed point of the mappings A , B and /. So , we may suppose that x ^ a. 
In this case , by using the equahties ( 2 ) and ( 3 ) and the inequahties ( in ) 
we put X = a and y = x then 

F{ Aa , Bx , t) , iJ,{Ia , Ix , t) , iJ,{Ia , Aa , t) , iJ,{Ix , Bx , t) , 

H{la, Bx,t) , n{Ix, Aa,t)) < 1 Vi>0 

=^ fi{x , Ix , t) , fi{x , Ix , t) , 1 , 1 , fi{x , Ix , t) , fi{x , Ix , t)) < 1 

a contradiction of ( -F3 ), so, we have iJ,{x , Ix , t) = 1 

Hence Ix — x. Then we get from ( 2 ) and ( 3 ) x — Ix — Ax — Bx . 

Therefore x is a commone fixed point oi A, B and /. 

Now , we show that the point x is unique common fixed point oi A, B and /. 
Suppose that A, B and /. have another common fixed point xi . 
Then , we put y = xi in {Hi) 

F{fj,{ Ax , Bx 1 , t) , n{Ix , Ixi , t) , i-tilx , Ax , t) , //( 1 , Bx 1 , t), 

/i( Ix , Bx 1 , t) , /i( Jx 1 , Ax , t)) < 1 

=^ F{ij,{ x,Xi,t),iJ,{x,Xi,t),n{x,x,t),fx{xi,Xi,t), 

fi{x , xi , t) , n{xi , X , t)) < 1 

=^ F{fx{x , xi, t) ,n{x , xi, t) , 1, 1, iJ.{x , xi, t) ,ii{xi, X ,t)) < 1 

a contradiction of (Fo^), we get x — xi. 
This completes the proof. 

Theorem 4.2 Let A, B , S and T be self-mappings of a fuzzy metric 
space {X , fj, , * ) satisfying the following conditions : 

A{X) C T{X) and B{X) C S{X) 

F{iJ,{Ax, By,t), iJ,{Sx,Ty,t), fj.{Ax, Sx,t), ij{By,Ty,t) , 

IJ,{Sx, By,t), i^{Ax,Ty,t)) < 1 

for all X , y in X and where F satisfies property (Fi) , {F2) and ( -F3 ) • 
Suppose that {A,S) or {B , T) satisfies property ( E.A. ) and the pairs 
{A , S) and {B , T) are weakly compatible . If the range of one A , B , S and 
T is a closed subset of x , then A , B , S and T have a unique common fixed 
point in x. 
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Proof. Suppose that {B,T) satisfies property {E.A.), then there exists 
a sequence {xn\ in x such that 

hm Bxn — hm Txn — z for some z & X. 

n — >■ oo n — > oo 

Therefore , we have 

lim fJ,{BXn , TXn , t) = 1 

Since B{x) C S{x) , there exists in X a sequence {yn} such that 
Bxn = Syn ■ Putting x ^ yn and y = in (4) 

F{n{Ayn, Bxn, t), n{Syn, t) , [liAy^, Sy^, t) , 

n{Bxn, Txn: 0> 1> l^{Ayn, Tx^, t)) < 1 yt>0 
=^ F{ Ayn , Bxn ,t),n{Bxn, Txn , t) , n{ Ayn , BXn,t) , 

lj{BXn , TXn , t) , 1 , ^{Ayn, TXn, t)) < 1 
^> F{lJ,{Ayn, BXn, t) , IJ,{BXn, BXn, t ) , fi{ Ay n , BXn, t) , 

IJ,{BXn, Bxn,t),l, iJ,{Ayn, Bxn.t)) < 1 
Taking the hmit as n — > oo, we obtain : 

F{ /z( Ayn , Bxn , t) , 1 , ^{ Ayn , Bxn, t) , 1 , 1 , n{ Ayn , BXn,t)) < 1 

which is a contradiction of ( -^"2 ) , then we have 

hm n{Ayn, Bxn, t ) = 1 

n 00 

=^ hm Ayn = z 

n — > 00 

Suppose that S{x) is a closed subspace of X . Then z — Su ior some 
u & X. Putting X — u and y — Xn in (4) we obtain : 

F{ix{ Au , Bxn , t) , n{Su , TXn , t) , fj.{ Au , Su , t) , fi{ BXn , TXn , t) , 

ll{Su, BXn,t) , ll{Au,TXn,t)) < 1 

Letting n — > oo we have 

F( /i( Au , z , t) , 1 , //( Au , z , t) , 1 , 1 , iJ,{ Au , z , t)) < 1 
which is a contradiction of ( -F2 ) • Hence , 

n{ Au , z , t ) = 1 
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Au — z =^ z — Au — Su 

Since A{X) C T{X) , there exists vex such that z ^ Au ^ Tv . li 
Az 7^ z and putting x — u and y = ^; in ( 4 ) , then we get 

F{n{Au, Bv ,t) , n{Su,Tv ,t) , ix{Au, Su,t) , ix{Bv ,Tv ,t), 

fi{Su , Bv , t) , fi{Au , Tv , t)) < 1 
F{ n{ z , Bv , t) , 1 , 1 , fi{ z , Bv , t) , ii{ z , Bv , t) , 1) < 1 
a contradiction of ( -Fi ) then 

Bv ^ z =^ Tv ^ Bv ^ z 

=^ Au ^ Su ^ z ^ Tv ^ Bv 
Since the pair {A, S) is weakly compatible , we have 

ASu = SAu ^ Az = Sz 

If Az ^ z and putting x — z — y in ( 4 ) 

F{pl{Az, Bv,t), fx{Sz,Tv,t), fjL{Az, Sz,t), fjL{Bv,Tv,t), 

fj.{ Sz , Bv ,t) , fj,{Az , Tv , t)) < 1 

F{ ix{ Az , z , t) , ii{ Az , z , t) , 1 , 1 , fx{ Az , z , t) , fi{ Az , z , t)) < 1 

which is a contradiction of (F^) . Then Az = Sz = z 
Since the pair {B , T) is weakly compatible , we have 

BTv = TBv i.e, Bz = Tz 

If Bz 7^ z and putting x — z — y in {4) 

F{pl{Az, Bz,t), fjL{Sz,Tz,t), fjL{Az, Sz,t), fjL{Bz,Tz,t), 

fi{Sz , Bz , t) , iJ,{Az , Tz , t)) < 1 
F{ij{z , Bz , t) , ii{z , Bz , t) , 1 , 1 , fi{z , Bz , t) , fi{z , Bz , t)) < 1 
which is a contradiction of ( -F3 ) • 

Hence z — Bz — Tz — Az — Sz and z is common fixed point oi A, B , S 
and T. 

Suppose that A, B , S and T have another fixed point Zi. 
Then , we put x — z and y — zi in {4) 

F{f^{Az, Bzi,t) , n{Sz,Tzi,t) , fjL{Az, Sz, t),fx{Bzi, Tzi,t), 

li{Sz, Bzi,t), fi{Az,Tzi,t)) < 1 
F{fi{z , zi , t) , ij{z , zi , t) , 1 , 1 , fi{z , zi , t) , fi{z , zi , t)) < 1 
which is a contradiction of ( ) , then we get z = zi . 
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Corollary 4.3 Let A, B , S and T be self-mappings of a fuzzy metric 
space {X , , * ) satisfying the following conditions. 

F{ii{Ax, By,t), fi{Sx,Ty, t),ii{Ax, Sx , t) , ii{By , Ty , t), 

li{ Sx , By , t) , n{ Ax , Ty , t) < 1 

for all X , y in X and where F satisfies property {Fi) , {F2) and ( i^s )• 
Suppose that (^4,5') or {B , T) satisfies property ( E.A ) and the pairs 
{A,S) and {B , T) are weakly compatible. If S{X) and T{ X ) are closed 
subset of X , then A , B , S and T have a unique common fixed point in X. 



5 Well-Posedness Of Common Fixed Point 
Theorem 

Definition 5.1 Let {X , /j, , *) be fuzzy metric space and V a set of self- 
mappings of X. The common fixed point problem of the set V is said to be 
well-posed if 

( 1 ) V has a unique common fixed point x in X. ( that is , x is the 
unique point in X such that Ax — x \/ A & V 

(2) For every sequence {xn} in X such that 

Jirn^ l^{xn , Axn , t) ^ 1 y A e V 
=^ lim a(xn, X , t) — 1 

n — >■ 00 

Theorem 5.2 Let A , B and I be three self mappings of a fuzzy metric 
space {X , /i , * ) such that : 

( i ) The pair {A,I} and {B , /} are weakly compatible, 

( ii ) The mappings A , B and I satisfy the property ( E.A. ) , 
(Hi) F (^fi (^Ax , By , , fi (^Ix , ly , , //, /.x , Ax , | ) , 

fi [ly , By , ^) , fi (^Ix , By , ^) , (^ly , Ax , l)) < 1 
\/ X y in X . Where F satisfies property ( -Fi ) , {F2) , ( -F3 ) and ( F4 ) 

(iv) I{x) is closed , 
Then the common fixed point problem of A, B and I is well posed. 

Proof. Let be a sequence in X such that 

t 



lim ii(xn,Axn,^]^ lim Xri, Bxn, ^] ^ lim // fx^ , , 
Putting y = Xn in (Hi) then 

F(^fi(^Ax, Bxn, ^) , /^(^Ix, Ixn, , (^Ix , Ax , , 
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n(^IXn, BXn, , I^(^IX, BXn, , l^(^IXn, Ax, < 1 



< 1 



H ^ Jx , Bx Yi , 2 ^ , fj, ^x , Bx ^ , 2 ^ ) ^ ^x , X , ■ 
'' F ^x , Bx ^ , — ^ , /i ^ X , ' 2 ) ) 1 1 ^ n ) -Sx , — ^ , 

(^x, Sxn, ^^,^(^/a;„,a;,^^^ <1 

By ( F4 ) we get 

ll(^X,BXn,^^ > ^ ^(^IXn, BXn, 

Therefore , 

fi(x,Xn,t) > ll(^X, BXn,^^ * ^J'(^BXn,Xn,^^ 

> ^ l^n(^IXn, BXn, * IJ-(^BXn, Xn, 

> ^ ^/^(^IXn, ^n, ^) * ll(^BXn, Xn, * /J. (^Bx n , Xn, ^ 

taking limit as n — >■ oo , we have 

hm a(x,Xn,t) > — > 1 

n — > cxD ^ ' If 

hm a( X , Xn , t) — 1 
This completes the proof. 

Theorem 5.3 Let A , B , S and T be self - mappings of a fuzzy metric 
space {X , n , *) satisfying the following conditions. 

A{X) C T{X) and B{X) C S{X) 
F(^fi(^Ax, By,^^ , fi(^Sx,Ty,^^ , li(^Ax, Sx,^^ , fi(^By,Ty,'^^ , 

l,(^Sx,By/-^ ,li(^Ax,Ty,^-^^ < 1 ■■■ (5) 

for all X , y e X and where F satisfies property (Fi) , {F2) , ( -P3 ) and {F4). 

Suppose that {A,S) or {B,T) satisfies property (E.A.) and the pairs 
(^4,5') and {B , T) are weakly compatible. If the range of one A , B , S and 
T is a closed subset of X , then the common fixed point problem of A, B , S 
and T are well posed . 
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Proof. Suppose that {B , T) satisfies property ( E.A ) , then there exists 
a sequence {xn} in X such that 

\im ii( Xn, Bxn, ^) = lim n( Xn,Txn, I) = 1 

putting y — Xn in ( 5 ) , we have 

F (^li(Ax, Bxn ,t) , iJ,(^Sx, Txn , , fi (^Ax , Sx , , 

fj, ^ Bx n , Tx " ' 2 ) ' ^ ^ ' " ' 2 ) ' ^ ' '^''^ " ' ' 



< 1 



By ( F4 ) we get 

ll(^X, BXn, > ^ fl (^BXn,TXn, ■ 

Therefore , 

H{x,Xn,t) > IJ,(^X , BXn, * (^Bx n , X ^ , 

> ^ l^n(^BXn, TXn, ^)} * n(^BXn, ^ n , 



t 



taking limit as n — > 00 



lim aix,Xn,t) > — > 1 
hm fi{x , Xn , t) — 1 



This completes the proof. 

Corollary 5.4 Let A , B , S and T be self-mappings of a fuzzy metric 
space {X , /J, , *) satisfying the following conditions. 

F (^fi (^Ax , By /-^ , II (^Sx , Ty , fi (^Ax , Sx /-^ , fi (^By , Ty , 
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for all X , y G X and where F satisfies property ( -Fi ) , ( -^2 ) , i^s) and 
(F4). Suppose that {A,S) or {B,T) satisfies property (E.A) and the 
pairs (^4,5') and {B ,T) are weakly compatible. If S{x) and T{x) are 
closed subset of X , then the common fixed point problem of A, B , S and T 
are well posed . 
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